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INTRODUCTION 
The task of reconstructing an unknown distribution of electrical conductivity is 
widely recognized as a central theoretical problem in eddy-current nondestructive 
evaluation [1). Rather than using an eddy-current method, we address this problem 
using DC injection of current into conductive materials. Experimental methods of the 
magnetic imaging of injected currents using high-resolution SQUID magnetometers 
have been described elsewhere [2J. In this paper we describe a tomographic method for 
using magnetically-imaged, injected currents to reconstruct distributions of electrical 
conductivity. Much of what we describe should also be applicable to data obtained 
using uniform colinear eddy currents induced by means of planar sheet inducers [4, 5J. 
THEORY OF CURRENT INJECTION TOMOGRAPHY 
The current density J(x) in an an isotropic conductor with conductivity 
distribution a(x) obeys Ohm's law, 
J(x) = a(x)E(x). 
The curl of the current density is written in expanded form as 
'V x J = 'Va x E + a'V x E. 
(1) 
(2) 
In the inverse eddy current method, the term 'Vax E of Eq. 2 is referred to as the 
nonlinear term, and a'V x E is referred to as the linear term. The problem is 
nonlinear since both the conductivity and the electromagnetic field in regions of 
varying conductivity are simultaneously unknown [1]. For DC injected currents, the 
linear term is zero according to Faraday's Law. From a mathematical viewpoint, this 
term is also zero because the static electric field is due only to a scalar potential, and 
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the curl of the divergence of a scalar function is zero. To apply Eq. 2 to DC current 
injection, we set the linear term to zero and express the unknown electric field as the 
quotient of the current density and conductivity distribution, and obtain 
which can be written as 
~ Vu ~ 
Vx J=-x J, 
u 
v x J = (V In u) x J 
(3) 
(4) 
The strategy is to reconstruct u(x) from a known J(x) using Eq. 4. However, it 
is not possible to reconstruct the conductivity distribution using a single distribution 
of injected current. One problem with a single current injection scheme is that it is 
possible to have a nonzero V In u and nonzero 1, but have zero V x J This occurs if 
both V In u and J are parallel. A simple example of this is a rectangular conducting 
bar, in which the conductivity varies only in one direction, but the current flows 
uniformly in the bar along that direction. In this case, the currents do not indicate 
the presence of gradients in the conductivity distribution, and the current distribution 
could as well be the result of uniform current injection into an isotropic homogeneous 
plate. It is thus important that tomography be employed by injecting current into the 
sample in orthogonal directions, and magnetically imaging the currents for each 
current injection (e.g. two directions for a thin conducting plate, three directions for a 
rectangular conducting slab), as illustrated in Figure 1. 
It should be possible to solve Eq. 3 for the general three-dimensional case if the 
current density is known everywhere in the conducting sample. The difficulty lies in 
the magnetic inverse problem for three-dimensional current densities, which is 
generally thought to be nonunique. However, it is possible to uniquely image currents 
in two-dimensions [3], and we now apply current injection tomography to the case of 
two-dimensions. For an isotropic, inhomogeneous conducting plate contained in the 
xy-plane, let us inject current in the plate in two, orthogonal directions, and image 
the current densities for each case from the normal component of the associated 
magnetic field. The imaged current densities are written as 
h(x,y) = hx(x,y)i+J1y (x,y)] and h(x,y) = J2x (x,y)i+J2y (x,y)]. Let Cl(X,y) and 
C2(X, y) be the corresponding normal components of the curl of the current densities 
for each case. Using this notation, we apply Eq. 4 to the two-dimensional case by 
taking the dot product with the unit normal vector, and writing 
(5) 
(6) 
The pair of equations, Eqs. 5 and 6, are unknown in aInu/ax and alnu/8y. Solving 
for aInu/ax and alnu/ay, we write 
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aInu ~=fx(x,y) 
aInu 
---a:y = fy(x, y), 
(7) 
(8) 
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Figure 1: Illustration of current injection tomography in a thin, conducting plate. When 
current is injected (a) along the major axis of an elliptical flaw (x direction), the current 
is perturbed less than when injected (b) orthogonally along the minor axis (y direction). 
The combined magnetic imaging of both current distributions contains information on 
the length and width of the flaw. 
where 
fx(x, y) = (Jxl C2 - Jx2cl)/(Jxl Jy2 - Jx2 Jy1 ), 
fy(x, y) = (Jy1 C2 - Jy2cl)/(JxlJy2 - Jx2 Jy1 ). 
(9) 
(10) 
To solve this system of equations for CJ(x,y) (Eqs. 7 and 8) it is necessary to know 
the baseline conductivity value for at least one point on the plate. Let that the 
baseline conductivity value be CJ(xo, Yo). The solution to Eqs. 7 and 8 is 
The conductivity distribution is thus 
METHODS 
To demonstrate this technique numerically, we use an elliptically shaped, 
gaussian flaw in a copper plate, given by 
(11) 
(13) 
where CJo = 5.8001 X 107 Slm, a = 5 mm, and b = 2 mm. The thin, conducting plate 
is of length l = 10 cm, width w = 10 cm, and thickness 100 /lm. For the simulation, a 
total of 10 rnA of current was injected uniformly into the plate along the major axis of 
the elliptical flaw (x-direction), and also in a separate current injection along the 
minor axis of the elliptical flaw (y-direction) as illustrated in Fig. 1. The forward 
problem consists of calculating the electrical potentials, current densities, curl of the 
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Figure 2: Diagram of steps involved in the forward calculation of the magnetic fields, 
and the inverse reconstruction of the conductivity distribution. 
current densities, and magnetic fields. The inverse problem consists of reconstructing 
the conductivity distribution from the magnetic fields. The steps of this procedure are 
diagrammed in Fig. 2. In solving the forward problem, we began by numerically 
solving the differential equations 
for Iyl :S ]'; (case 1) 
(14) 
for Ixl :S ~, (case 2) 
using a successive overrelaxation method with Chebyshev acceleration [6]. These 
differential equations are derived by applying Ohm's law to the time independent 
equation for the continuity of current. The currents were then calculated from the 
electrical potentials using Ohm's law, and the normal component of the magnetic field, 
Bz(x, y, z), was calculated from the Cllrrents using the Biot Savart law. The fields were 
calculated 1 mm above the plate at 0.75 mm increments over a 15 cm x 15 cm area. 
In solving the inverse problem, we imaged the current densities [3] and the curl of 
the current densities [7] directly from the magnetic fields using a Fourier filter 
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Figure 3: Comparison of (a) original conductivity distribution and (b) magnetically 
reconstructed solution using current injection tomography, and cross section comparison 
of original conductivity distribution (dotted line) and reconstructed solution (solid line) 
along the (c) major axis and (d) minor axis of the elliptically-shaped, gaussian flaw. 
technique. We improved the effective spatial imaging resolution for these simulations 
by implementing the Fourier transforms using a hybrid analytic and numerical 
technique based on bilinear interpolation functions over rectangular elements [7). The 
current and curl distributions Jxll Jyll Jx2 , Jy2 , Cll C2, and subsequently the functions 
fX(x, y) and fy(x, y) (see Eqs. 9 and 10) were calculated at 0.5 mm increments over 
the entire area of the plate. The conductivity distribution was reconstructed by 
numerically integrating Eq. 12. 
RESULTS 
The accuracy of this method is dependent on the ability to image current 
densities and curl distributions from the magnetic fields. For example, to test the 
conductivity reconstruction algorithms (see case A of Figure 2), we calculated the 
functions fX(x,y) and fy(x,y) directly from the forward solutions for the current and 
curl distributions, and used these to reconstruct the conductivity distribution with 
negligible error. However, the error for the magnetically reconstructed conductivity 
distribution (case B) was greater. The results for case B are shown in Figure 3. The 
error in the inverse procedure depends on a variety of factors: the distance between 
the current distribution and detector, the signal-to-noise ratio of the measurement, 
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the distance between magnetic measurements, and the spatial extent of the 
measurement. This calculation demonstrates the feasibility of the technique; furth@r 
studiM will requIre adding noise and varying the sampling parameters. Future studies 
should also address the possible advantages of applying current to the sample from 
multiple directions (more than the minimally required number of two or three). 
A variety of methods exist to image current densities from magnetic fields. 
Fourier filter techniques in general have difficulty in reproducing sharp edges in 
current distributions (e.g. the sudden drop in current in going from the edge of a 
plate to an adjacent nonconducting region). Since the Fourier transform technique 
was used in our simulations, we removed the problem of edge effects from the plate by 
subtracting the uniform current distribution for the total current density before 
calculating the magnetic field. After imaging the current densities from the magnetic 
fields, the uniform current distribution was added back to form the total imaged 
current density. However, finite element methods [8] have been used to image current 
distributions which include boundaries due to edges of plates. Some care must be 
taken when reconstructing conductivity distributions which contain voids. In Eq. 3 we 
divide by the conductivity distribution cr, which indicates that this equation should 
apply only to regions with nonzero conductivity. To circumvent this constraint, void 
regions with zero conductivity can be identified prior to reconstruction by identifying 
regions which have a zero current density. Once identified, then the conductivity 
distribution can simply be reconstructed around these regions. 
An interesting difference between current injection tomography and the eddy 
current inverse technique can be deduced by examining the relative contributions of 
various currents in the conductor to the magnetic field. The magnetic field may be 
decomposed into two portions: contributions from the current densities at the 
boundaries of the conductor, and contributions from volume currents which have 
curl [8, 9]. In this particular case of the rectangular conducting plates, the 
contributions of the edge currents to the magnetic field can be removed by a current 
cancellation technique [10]. The only remaining contributions to the magnetic field are 
from the currents in the area of the plate which have curl. For DC current injection, 
the only regions in the plate which have curl are those which have changes in 
conductivity. If eddy currents are used, then the current density has curl everywhere 
in the plate, not just in the regions of interest. This is a fundamental principle by 
which one could argue that DC current injection tomography is a conceptually simpler 
technique to image conductivities than inverse eddy current methods. 
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